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Abstract 

Let D{H) be the quantum double associated to a finite dimensional quasi-Hopf algebra H, as in 
and [|o|]. In this note, we first generalize a result of Majid | p3[ | for Hopf algebras, and then prove 

that the quantum double of a finite dimensional quasitriangular quasi-Hopf algebra is a biproduct in 

the sense of |Q] . 

Introduction 

Drinfeld introduced the quantum double D{H) of a finite dimensional Hopf algebra H. D{H) is a 
quasitriangular Hopf algebra, containing H and //*'^°p as subcoalgebras, and Drinfeld used the construc- 
tion to find the /?-matrix of Uhis), the Drinfeld- Jimbo quantum enveloping algebra associated to a 
complex semisimple Lie algebra g - the index h means that we work over the complex power series 



C[[X]], see [11] for more detail. In fact he gives an explicit formula for Rf, in the case where g = sl(2); 



explicit descriptions in the general case are given in [ |12| ] and [|130. Several alternative descriptions of 
the quantum double have appeared in the literature, but the most striking one is perhaps Majid's double 
cross product construction []T4|]. 

Quasi-bialgebras and quasi-Hopf algebras were introduced by Drinfeld in ||7|], in connection with the 
Knizhnik-Zamolodchikov system of partial differential equations, cf. [jlT]]. Quasi-Hopf algebras also 
appear in algebraic number theory, bearing information on the absolute Galois group Gal(Q/Q), cf. [^. 
Quasi-bialgebras and quasi-Hopf algebras naturally come out of categorical considerations, putting some 
additional structure on the category of modules over an algebra, in such a way that we obtain a monoidal 
category. From a purely algebraic point of view, it is possible to construct quasi-Hopf algebras out of 
a Hopf algebra H, by twisting the comultiplication: take an invertible element F = Y,F^ £ H 0H 
such that ^£(F')F^ = ^F^£(F^) = 1, and put Af (/z) = FA{h)F^K Starting from a finite dimensional 
cocommutative Hopf algebra and a Sweedler 3-cocycle (O G H^^, we can define a quasi-Hopf algebra 
structure on the ^-vector space H* (^H [p, which is a generalization of the Dijkgraaf-Pasquier-Roche 
quasi-Hopf algebra D'^{G) (where // is a finite group algebra). An even more general construction is the 
quantum double D{H) of a finite dimensional quasi-Hopf algebra, introduced independently by Majid 
([16]) and Hausser and Nill ([^], [p^]). Majid introduced the category of left Yetter-Drinfeld modules, 
and used them to describe the quantum double in the form of an implicit Tannaka-Krein reconstruction 

*Research supported by the bilateral project "Hopf Algebras in Algebra, Topology, Geometry and Physics" of the Flemish 
and Romanian governments. 

' This paper was written while the first author was visiting the Free University of Brussels, VUB (Belgium); he would like 
to thank VUB for its warm hospitality. 



1 



Theorem. Hausser and Nill prove that the category of D(//) -modules is isomorphic to the category of 
left-right Yetter-Drinfeld modules. 

The Hausser-Nill description of the quantum double uses the generating matrix formalism. We will re- 
formulate this intrinsically in Section § we need this new formulation for our main result in Section ||, 
and it also has the merit that it reveals the link between the quantum double construction in the quasi and 
classical Hopf algebra case in a transparent way. 

In Section ^, we give the quasi-Hopf algebra version of the following result of Majid [^]: a finite di- 
mensional Hopf algebra is quasitriangular if and only if there exists a Hopf algebra projection of D{H) 
onto H that covers the natural inclusion. In this situation, D{H) is a biproduct of a braided Hopf algebra 
and H, and, as a vector space, is isomophic to H* (see [ ll5| ] for this result in the case of a Hopf 
algebra). We give explicit formulas for the structure of H* as a Hopf algebra in the category of Yetter- 
Drinfeld modules. Compare this to the construction in [Q], where a braided Hopf algebra H_ is associated 
to any quasitriangular (not necessarily finite dimensional) quasi-Hopf algebra H, using the Braided Re- 
construction Theorem [p^. 

Finally observe that, as in [jlS), Example 3.6], for any finite dimensional quasi-Hopf algebra H, we have 
an infinite tower of projections 

H^D[H)^D{D{H)) ^D{D[D{H))) 
The first inclusion is itself covered by a projection if and only if H is quasitriangular. 



1 Preliminary results 

Quasi-Hopf algebras 

We work over a commutative field k. All algebras, linear spaces etc. will be over k; unadorned (8) 
means Following Drinfeld [^, a quasi-bialgebra is a fourtuple (//, A, £,<!>) where H is an associative 
algebra with unit, <I> is an invertible element in H ^ H (E) H, and A : H ^ H ®H and £ : H ^ k we. 
algebra homomorphisms satisfying the identities 

{id(E^){^{h)) = ^{^(Eid){^{h))^-\ (i.i) 

{id®^){^{h))=h®\, (e(g)/(i)(A(/j)) = l0/i, (1.2) 
for all h^H, and <I> has to be a normalized 3-cocycle, in the sense that 

(1 (g)<I>)(/<i(g)A(g)/(i)(<I>)(<I>(g) 1) = {id(E)id0A){(i>){A0id(E)id){(i>), (1.3) 

{id'^e(g)id){(t>) = \^l^\. (1.4) 

The map A is called the coproduct or the comultiplication, £ the counit and <I> the reassociator. As for 
Hopf algebras [21] we denote A{h) = ^/ii (8>/i2, but since A is only quasi-coassociative we adopt the 
further convention 



{A®id){A{h)) =5^/2(1,1) 0/2(1.2) <^/j2, {id®A){A{h)) = J^/ii ® /i(2,i) ® /j(2,: 



2)' 



for all h^H. We will denote the tensor components of by capital letters, and the ones of <I> ^ by small 
letters, namely 

^ = Y^x^ ®x'^ ®x'' = Y^T^ = Yy^ = ■■■ 
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H is called a quasi-Hopf algebra if, moreover, there exists an anti-automorphism S of the algebra H and 
elements a, P € // such that, for all h G H,we have: 

Y,Sihi)ah2 = e{h)a and ^/Jip5(/j2) = e(/j)p, (1.5) 

£x'p5(x2)aX3 = 1 and £5(x')ax2p5(x3) = 1. (1.6) 

For a quasi-Hopf algebra the antipode is determined uniquely up to a transformation a i—^ Ua, p i— > 
P?7^\ S{h) i—t US{h)U^^, where U ^ H is invertible. The axioms for a quasi-Hopf algebra imply that 
8(a)£(P) = 1, so, by rescaling a and P, we may assume without loss of generality that 8(a) = 8(P) = 1 



and 8 o 5 = 8. The identities (jEj), ( p3| ) and ( jL^ also imply that 

(8 (g) id (g) id) (O) = {id 0id ^e){^) = \ I 0\. (1.7) 

Next we recall that the definition of a quasi-Hopf algebra is "twist coinvariant" in the following sense. 
An invertible element F gH®H is called a gauge transformation or twist if (8 ® id) (F) = {id (E> 8) {F) = 
1. If // is a quasi-Hopf algebra and F = F^ G H ® H is a. gauge transformation with inverse 
=i:G'(g)G^then we can define a new quasi-Hopf algebra Hp by keeping the multiplication, unit, 
counit and antipode of H and replacing the comultiplication, antipode and the elements a and P by 

AF{h)=FA{h)F-\ (1.8) 

= {l®F){id^A){F)^{A(^id){F-^){F-^^l), (1.9) 

ap =Y.S{G')aG\ pf = £Fip5(F2). (1.10) 

It is well-known that the antipode of a Hopf algebra is an anti-coalgebra morphism. For a quasi-Hopf 
algebra, we have the following statement: there exists a gauge transformation f £ H (SiH such that 

fA{S{h))f-^ =Y,{S(^S){A'°^{h)), forall/jG//, (1.11) 

where A^°^{h) = Y,h2®h\. f can be computed explicitly. First set 

Y^A^ (^A^ (^A"^ = {^®\){A®id®id){^-^), (1.12) 

Y^B^ (^B^ (^B"^ = {A®id®id){^){^-^ ®l) (1.13) 
and then define y, 5 G // (g) // by 

Y=£5(A2)aA3(g)5(Ai)aA^ and 6 = £b'PS(b4) (g)B2p5(B^^). (1.14) 

/ and /^^ are then given by the formulas 

/ = £(5®5)(A'"'(xi))yA(x2p5(x3)), (1.15) 
/-I = ^A(5(xi)ax2)5(5(g)5)(A™P(x3)). (1.16) 

/ satisfies the following relations: 

/A(a)=Y, A(p)ri=6. (1.17) 
Furthermore the corresponding twisted reassociator (see ([T^) is given by 

^f = Y{S(^S(^S){X^®X^(^X^). (1.18) 
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In a Hopf algebra H, we obviously have the identity 

Y^hi®h2S{hi,) =h0\, for all heH. 

We will need the generalization of this formula to the quasi-Hopf algebra setting. Following [p^], 
we define 

PR = J^p^0p^ =Y,x^^x^^S{x^), qR = Y,q^(^q^ = Y.^^^S-\aX^)X^. (1.19) 
For all h ^ H,we then have 

Y,Aih)pR[\^S{h2)]=PR[h^\], Y^[l®S-\h2)]qRAih) = ih^\)qR, (1.20) 

and 

Y,Hq')PR['^(^S{q^)] = l(^l, £[l®5-^(p2)]^^A(pi) = l®l, (1.21) 

{qR(g)\){A(g)id){qR)^^^ 

= Y,[\(^S-\X^)(^S-\X^)][l^S-\f)^S-\f)]iid0A){qRAiX^)), (1.22) 
(t>{A0id){pR){pR(g)id) 

= J^{id(^A){A{x^)pR){l0f-^){l(E)S{x^)(E)S{x^)), (1.23) 

where / = (g)/^ is the twist defined in ( |1.15| ). 

A quasi -bialgebra or quasi-Hopf algebra H is quasitriangular if there exists an element /? = ^/?' (g)/?^ = 
Y.r^^r^ GH^H such that 

{A(^id){R) = ^x2/?^x^F^(g)XVr'F^®X^/?Vr2F^ (1.24) 

{id(^A){R) = ^jc^/e^xVV^^x^xVy ®x2/?^Xy (1.25) 

A°P{h)R = RA{h), for alike H (1.26) 

(£(g)jW)(/?) = iid(S)e){R) = l. (1.27) 

In [||], it is shown that R is invertible. Furthermore, the element 

M = £5(/?V)a^V^ (1.28) 
(with PR = Y,P^ ^ P^ defined as in ( 1.19| )) is invertible in H, and 



u-^ = Y,X^R^P^S{S{X^R^p^)aX^), (1.29) 

e{u) = I and S^{h) = uhu-^ (1.30) 

for all h e H. Consequently the antipode 5 is bijective and, as in the Hopf algebra case, the assumptions 
about invertibility of R and bijectivity of S can be deleted. Moreover, the /^-matrix R = Y,R^ g"^^ satisfies 
the identity (see [jl]l, 0], [|]): 

fiiRr' = {S0S){R) (1.31) 
where / = Y^f ®f is the twist defined in ( [Dl ), and /21 = 'Lf^f. 

Assume that (//,A,e,<I>) is a quasi-bialgebra. For left //-modules U ,'V,W , we define a left //-action on 
U®Vhy 

h- {u0v) =^h[ • M (g)/l2 • V. 



We have isomorphisms auyyi/ : {U (^V) ®W ^ U ® {V ®W) m given by 

auy,yv{{u®v) (gi w) = <I> • (m (y®w)). (1-32) 

The counit e: H —> k makes , and the natural isomorphisms X : k^H H and p : H 0k ^ H 

are in //fW . 

With this notation, (//fW , 0,k,a,X,p) is a monoidal category (see [11] or [ [l9| ] for the precise definition). 
Now let H he a. quasitriangular quasi-bialgebra, with /^-matrix R = Y,R^ 0R^- For two left //-modules 
U and V, we define 

cu,v ■ U ®V ®U 

by 

C(;_v(m®v) =^/?2.v(g)/?^ -M (1.33) 

and then (//fW ,(g),^,a,?i,p,c) is a braided monoidal category (cf. [11| or p9|]). 
The biproduct for quasi-Hopf algebras 

First we recall from [p^ the notion of Yetter-Drinfeld module over a quasi-bialgebra. 



Definition 1.1 Let H be a quasi-bialgebra with reassociator 0. A left H-module M together with a left 
H-coaction 

is called a left Yetter-Drinfeld module if the following equalities hold, for all h £ H and m £ M: 

£x'm(_i) (g) {X^ ■ m(o))(_i)X3 ® (X^ • m(o))(o) 

= £xi(Fi-m)(_i),F2^x2(Fi.m)(_i),F3^x3.(Fi.m)(o) (1.34) 

52e('«(-i))'«(o) ='w (1-35) 

52/2im(_i)(g)/j2-ni(o) =X1(/Ji •nj)(-i)/j2'S)(/ii •m)(o). (1.36) 

The category of left Yetter-Drinfeld //-modules and /:-linear maps that preserve the //-action and H- 
coaction is denoted . In [16], it is shown that © is a braided monoidal category. The forgetful 
functor CD is monoidal, and the coaction on the tensor product M (g) of two Yetter-Drinfeld 

modules M and N is given by 

XMm{m(E)n) = Y,X\x^Y^ ■m)(^_i)X^{Y^ ■n)(^_i^Y^ (S)X^ • (x^yi •m)(o) ®XV • (F^ .n)(o). (1.37) 

The braiding is given by 

CM,N{m(^^n) =Y^m(^_iyn®m(^oy (1.38) 
This braiding is invertible if // is a quasi-Hopf algebra [0], and its inverse is given by 



.-1 



'n®m) = £3^1X2 . (x^ • m)(o) ® S-\S{y^ )ay^X\x^ ■ m)(_i)x2|35(y^X V)) • n. (1.39) 



We can consider (co)algebras, bialgebras and Hopf algebras in the braided category ®. Let // be a 
quasi-Hopf algebra, and B a Hopf algebra with bijective antipode in the category ^9^®. Following [Q], 
the /c- vector space B // becomes a quasi-Hopf algebra B x H, with the following structure: 

• as an algebra, B x H h the smash product from [||], that is, the unit is 1 x 1, and the multiplication 
is given by 

{bxh){b x/z') =£(x^ ■b){x^hy ■b)xx^h2h (1.40) 
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• the comultiplication, counit and reassociator are given by the formulas 

A{bxh)=Y,y^x^-bi 

X y^Y\x^X^-b2)(-i)X^X^hi(S)y\Y^-{x^X^-b2)(^o)Xy2Y^x^X^h2 (1.41) 
E{b X h) = e{b)e{h) ; Obx// = £ 1 x O 1 x X^O 1 xZ^ (1.42) 

• the antipode is given by 

s{b X h) = '£{'^ S{X^x\b(^_y)h)a){X^x\- SB{b(^o)) X X^x^^S{x^)) (1.43) 

and 

c^BxH = 1 X a ; ^BxH = 1 X p. (1.44) 



As the reader probably expects, we recover Radford's biproduct |gOp in the situation where H is a bial- 
gebra or a Hopf algebra. 

2 The quantum double D{H) 

From [p^], we recall the definition of the quantum double D{H) of a finite dimensional quasi-Hopf 
algebra H. Let {ei}{^—j be a basis of H, and {e'},^—^ the corresponding dual basis of H*. H* is a 
coassociative coalgebra, with comultiplication 

n 

A(cp) =£cpi 0(p2 = ^{eiej)e'®e^, 

ij=i 

or, equivalently, 

^(^) = 52^1 ^ (p(M') = ^(pi(/i)(p2(/i'), V/l,/l' G //. 
//* is also an //-bimodule, by 

<h ^(p,h' >= (p{h'h), <(p ^h,h' >= (p{hli). 

We also define, for cp G //* and h eH: 

(p^/j = ^(p(/j2)/ji, /J^cp = ^(p(/Ji)/J2. 

The convolution is a multiplication on H*; it is not associative, but only quasi-associative: 

We also introduce S : H* —> H* as the coalgebra antimorphism dual to S, i.e. < S{(p),h >=< cp,5(/z) >. 
Now consider Q. £ H^^ given by 

a = ^ (g) (g) 

= L^(U)>''-^' 0X(\_2)/x2^X2Vxi05-i(/'^V)®5-i(/^'), (2.45) 



where / G // 0// is the twist defined in (1.15). We define the quantum double D{H) = H* txi H as 
follows: as a ^-linear space, D{H) equals H* (E>H, and the multiplication is given by 

(cpixi/j)(\|/ix]/j') 

= ^(p^n^)(a2^\|/2^a4)]Ma3[(5"'(\^l)^/j)^\^3]/j' 



It is easy to see that 



(s ixi/j)(cp \x\ h') = 52 ''(1, 1) S ^{hj) ixi h(^i2)h' 



(2.47) 



and (cp M /z)(£ cx] /j') = cp ixi hh' for all cp G //* and h,h' e H. Following [[T^, D{H) is an associative 
algebra with unit £ ixi 1, and // is a unital subalgebra via the morphism '■ H ^ D{H), ioih) = e\x\h. 
In [|l^, Theorem 3.9], it is shown that we have a quasitriangular quasi-Hopf algebra 

Let us describe the structure; we first introduce 



D = Y,S-\p^)eip\®{e't^p^2)(^H(^D{H), 



(2.48) 



!=1 



where pr = Y.P^ ® ^'^ defined as in (1.19). Then we introduce the following notation: for E = 
ZEj (g)Ef(S)--- ®Ef G and n<m,we let £"i"2- «" be the element in having £f in the nf tensor 

i 

position, I <k <n, and 1 elsewhere. 

The comultiplication, counit, reassociator, /?-matrix and antipode are then defined for all /j G // by the 
formulas 



Az)(/dW) = (/D«)/z))(A(/t)) 

eoiiDih)) = e{h) 
(jW®£d)(D) = (£(g)jW)(D) 

Rd = {in ® id) (D) = £ (£ M 5" ' ) 
1=1 

5d(/d(/i)) = /z)(5(/i)) 

{S ® 5d) (D) = (/J ® io) {fiiWd ® id) ir^) 
az) = /z)(cx), pz) = iD(P) 



(2.49) 
(2.50) 
(2.51) 
(2.52) 
(2.53) 

(2.54) 

(2.55) 
(2.56) 
(2.57) 



where f = J^f^ ® f'^ is the twist defined in ( |1.15 ) with inverse f-^ and /21 = 1/ 0/^ We point out 
that the comultiplication is completely determined by (2.49) and (2.5C). Using ( 2.46| ) and (2.50), we find 
that 

n 

£ {et^S-\p^)eip\)(S)ADie't^p\) 



= £ [et>^x^S-\p^)eip\X^S-\P^)ejPly^] ® [(£Mx>X^)(£'-'' [ie^x^){e' M /^^XV)], 

where (g)P^ is another copy of pR. Clearly this is equivalent to 

Ad{p\^(?^s-'{p^)^p'2) 

(g)[{etx3x^){p\ ^cpi ^x^S-^{p^)txip\X^y^)]. 
On the other hand, by ( 1.21D we have that 

£(£ M ) (pI ^ cp ^ q^S-^ pi) = cp M 1 , 
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(2.58) 



(2.59) 



where = <^q^ is defined by (1.19); using (I.IS), (1.3) and (1.7) we then obtain the following 
relation: 

Y^q\x^ ^q^x^^q^x" =Yy^ (^q^y\®S-\Y^)q^Y^, (2.60) 
and, using ( [2.59D , ( |2.49| ) and ( |2.58D , we compute that 

0[(S « <7^x2)(;7} - cpi - « P2^y )] 

= « - cp2 - X^^-' (P2) « Pi/)] 

= £[(s « Fixi)(Pi'y - cp2 - X^^-i (P2) « Pi/)] 

0[(£ M ^')(/?1Fi' ^ cpi - S-\Y^)q^S-\p') M pir2^Xy )] 
= £[(£Cx]F1x^)(PiV1 ^cp2 ^x25-'(p2) CxlP]/)] 

0(Ff ^ (pi ^ M F2^^y ) 



(I2.60D 
( p7| , [r20D 



Combining this with ( |2.49| ), we obtain the following explicit formula for the comultiphcation on D{H): 



(P2 

(g){Xf ^ cpi ^ S-\X^) Cx]X|fV/j2) 
Similar computations yield explicit formulas for the counit and the antipode, namely 

Sd((p 1X1 /i) = 8(/j)(p(S"' (a)) 

and 

Here the twist / = <X)/^, its inverse = (g)^^ and qjf = Y,q^ ®q^ are defined as in (1.15), 
( p6| ) and ( (091 ), and 

i7 = 0[/2 = Y.s'S{q^)®g^S{q'). (2.64) 



(2.61) 

(2.62) 
(2.63) 



3 D{H) when // is quasitriangular 

In [ |T5| ] it is shown that a finite dimensional Hopf algebra is quasistriangular if and only if its Drinfeld 
double is a Hopf algebra with a projection. In this Section, we will generalize this result to quasi-Hopf 
algebras. In this case, D{H) is isomorphic to a biproduct in the sense of [Q], between a certain Hopf 
algebra B' in the braided category D and H. We will show that, as in the case of a classical Hopf 
algebra, B' equals H* as a vector space, but with a different multiplication and comultiphcation: the 
structures of H* in f are induced by the P-matrix and the quasi-Hopf algebra structure of H. 
Let (//, A,<I>,£,5,a, p) be a quasi-Hopf algebra and (A,Aa,<I>a) a quasi-bialgebra. Recall that a quasi- 
bialgebra map v : // — > A is a ^-algebra map that preserves comultiphcation and counit, such that = 
V®^(<I>). If (A,AA,<I>A,5'A,ctA,pA) is also a quasi-Hopf algebra, then a quasi-bialgebra map v is a Hopf 
algebra mapifv(a) =aA,v(P) = (3^ and 5^ ov = vo5. Observe that a bialgebra map between classical 
Hopf algebras is automatically a Hopf algebra map. If v is a quasi-Hopf algebra map, then the elements 
Y, 5,/,/^' G H ®H are mapped by v (g) V to the corresponding ones in A (g) A. 
Our first result is a generalization of [|l5|. Corollary 3.2]. 
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Lemma 3.1 Let H be a finite dimensional quasi-Hopf algebra. Then there exists a quasi-Hopf algebra 
projection n : D{H) — > H covering the canonical inclusion io'.H^ D(H) if and only ifH is quasitri- 
angular 

Proof. First assume that there is a quasi-Hopf algebra morphism % : D{H) — > H such that 71 o = idn. 
Then it is not hard to see that R = Y.ti{R\)) (8" T^{Rj)) is an /?-matrix for H, where R^ = II^d^^d 
canonical /^-matrix of D{H) defined in ( |2.54| ). Thus H is quasitriangular. 

Conversely, let H be a quasitriangular quasi-Hopf algebra with /^-matrix R = R^, and define 
71 : D{H) ^Hhy 

7l((p cx] /j) = £ (^{q^R^)q^R^h, (3.65) 

where qR = '^q^ q^ is as in ( 1.19| ). We have to show that 7i is a quasi-Hopf algebra morphism and 
noiu = idn. 

As before, we write = L 2^ ^ and /? = ^ r^, and then compute for all cp, \|/ G //* and h,h' eH 
that 

7l((cpM/2)(\|/CXl/j')) 

(|I46|) = £7l((a^ ^(p^a5)(a2/j(i 1) ^\^^5-^(/22)il^)t<Il^/Z(l,2)/j') 

= Y,^{Q.^q\R\a^)^\f{S-^{h2)a'^qlR\a^h^l^l^)q^R^a\(^l_2)h' 
q'R^X^yhlh(^,^2)h' 

= Y.'?i'i^Q2Z^RWx'MS''(^'''2)Qh'R\y^xlh(^i,i)) 

q'Q\z'Ryxlh^,,2)h' 

(OO) = Y.'?{q'R'MS-Hh2)Q%.2/)q'R^Q'h(^,^,)r'h' 
(|1.20|) = 7l(cpCx]/i)7l(\|/Cx]/z'). 

From ( 1.27 ) and ( |1.19| ), it follows that 7i(£ cxi h) = h, for any h ^H. Thus we have shown that 7i is an 
algebra map, and that noij) = idn. 

Since 71 o Z^, = idn, we have that (71 (gi 71 (g) 7l)(<I>£)) = 71 also preserves the comultiphcation, since 

^ 7l( (cp CXI /j) 1 ) (g) 7l( (cp CXI /j)2 ) 

(Hell) = £7i((eMA:iyi)(p};ci ^cp2^F^5-i(/)M7?^x2/2i)) 

mixf ^ cpi ^ cx]X|fV/j2) 

= Y.'?2{Y^S-^{p^)q^R^pW)(?i{S-^{X^)QVxf)X^Y^q^R^pix'^hi(g)QW^X^Y^x\2 
(since 71 is an algebra map and noij) = idn) 
([OeD = Y.^{S-^{X^)Q^r^XfY^S-\p^)q^p\R^x^)X^Y^q^p\Rh^hi®Q^r'^XiYh^h2 
( [r2Tl , [r26D = £cp(5-i(x3)22x2riF2;jix^)X^F^/?V/ji 02^X1^^7^/12 
( |230D = £(p(<7yriF2/?^;ci)<7l3;iy'/?V/ii0^yr27V/j2 
dLBD = £(p(<72/?^)A(<7^/?2/j) = A(7i((pcx]/t)). 

71 also preserves the counit, since (£o7i)(cp Cx] /j) = (p(5^' (a))£(/j) = £z)(cp cxi /j). 

We easily see that 7i(az)) = a and 7i(Pd) = p, so we are done if we can show that Son = no So. This 



follows from the next computation: 



f |L26| , [r2llp4l ) 



(7Io5£))(cpM/j) 

O) = l^K{{E^S{h)f){p\u'^S-\^)^fS-\p^)t^p\U^)) 

= l^<S-\i?),fS-\p^)q^R'p\u'>S{h)fg'R^p\U^ 
(since 71 is an algebra map and 710/0 = idn) 

= l^<T\^>),fR'g'S{q^)>S{h)fRYSiq') 
= Y^<S-\^),Siq^R')>Siq'R^h) 

= (5o7l)((piXl/j), 



and this completes our proof. 



□ 



Observe that, in the case where {H,R) is quasitriangular, the map 71 given by ( 3.65 ) is a quasitriangular 
morphism, i.e. (71 (X)7l) (/?£>) =R. Indeed, 



(71 (g)7l) (/?£,) 

(S) 
(H) 



<n(^n,etxiS^'^{p'^)eip\i^e' ixi p\> by ( |2.54D 

!=1 

te'iq^R')S-'ip^)etp[<E)q'R^pi 



l^S-\p^)q^p\R'®q'p\R^ 
R. 



The structure of a quasi-Hopf algebra with projection was given in 
Hopf algebra, and A a quasi-bialgebra with two quasi-bialgebra maps 



H- 



71 



More precisely, if is a quasi- 



(3.2) 



such that 71 o / = id, then there exists a braided bialgebra B' in the category ^'J ® such that A = B' x H 
as quasi-bialgebras. In fact, if we define on A a new multiplication given by 



aoa' = Y,iiX^)ai{S{x^X^)ax^Xf)a'i{S{x^xi)) 



(3.66) 



and we denote this new structure on A by A', then A' becomes a left //-module algebra (i.e. an algebra 
in the monoidal category //fW), with unit /((3) and with the left adjoint action induced by /, that is 
h>ia = I^/(/zi)a/(5'(/z2)), for all /j G // and a G A. Now let 



B' = {aeA\ £ai (S)n{a2) =Y,i{x^)ai{S{xlX^)f) (S)x^X^^S{x\X^)f}. 



(3.67) 



First, B' is a subalgebra of A' in the monoidal category . Secondly, B' is an algebra in the braided 
category 2? where the left coaction of H on B' is given by 



V(^)=i:^'^^(^l)^'^(^'^2')J''^'(^'j'2)^2/(g'5(X-VlF2))_ 

Here f-^ = £gi and qR = Zq^®q^ are as in (p^ and ( p^ ). 
Also, as ^-vector space, B' is the image of the ^-linear map IT : A ^ A defined by 

n(a) = Xai/(p5(7l(a2))). 
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(3.68) 



(3.69) 



For all a G A, we define 

A(n(a)) =^n(ai)«)n(a2). (3.70) 

This makes B' into a coalgebra in Ti and a bialgebra in ^9^®. The counit of is £ = £ [g. The 
bialgebra isomorphism %: B' x H —fAis given by 



X{b X h) =Y,i{X^)biiS{X^)aX\). 



(3.71) 



In the situation where A is a quasi-Hopf algebra, with antipode Sa, and / and n are quasi-Hopf algebra 
maps, we have that B' is a braided Hopf algebra in 2) with antipode S given by 



5(Z.)=£/(71(Z.i)P)5a(^2 



(3.72) 



Moreover, in this case S is bijective and X is a quasi-Hopf algebra isomorphism. 

Now we will apply the above description of a quasi-Hopf algebra with a projection in our case, namely 
{H,R) is a finite dimensional quasitriangular quasi-Hopf algebra, A = D{H), i = in is the canonical 
inclusion and 7i is the map defined by (3.65). As in the Hopf case, we show first that B' is isomorphic to 
H* as A:-vector spaces. This follows from 

£((p ex (£ ex |35(7i((cp ex h)2))) 

{pW ^ (P2 ^ y^S-\p^) M p\y^h,){z cx f>S{q'R'xlYYh2)) 
z{h)Y^<^^{S-\X^)q^R^Xl){zt^X^Y^) 

{pW ^ (P2 ^ Y^S-\p')^py^S{q'R^XlYY)) 

= £(/j)n(cp[x 1) 

for all (p € //* and h eH,so B' = n{D{H)) = n{H* ex 1); this means that we have a surjective ^-hnear 
map 

H*^B' : (ph^n((pcx 1). 

This map is also injective since 
< /t/(8)£,n(cpixi 1) > 



n(cp DX h) 
( ^3T|p5| ) 

(SO) 



(2.46) 



'£^>,{S-Hx')q'R'xf) 

< id(^e,{et<iX^Y^){p\y^ - 
^ < /(i(g)£, (£CxX'f')(;7}3;' ^cp 

t=<p\y^^Siq'R^XiYy))> 
'£<id^£,{X'Y')^,^,^pW^^>^S-'{X')q^R'X^Y^S-\iX'Y')2p' 



(P2 - Y'S-' {p') M p'^y'^Siq'R'XiYy) > 
S-\X^)q^R'xlY^S-\p') 



t^{X'Y%,2)P2y'^S{q'R^XlY^y^'^ 



> 



dH) = Y.^W-^^S-\aX')X^S-\xlp^) 
( |n9| , |L2T| ) = (p. 

In fact we have shown that the map 

H: B' = n{D{H)) H*, A'(n(cp cx h)) = £(/j)(p 

is an isomorphism of /c-vector spaces, with inverse 

A/-H(p)=n(cpMi). 

From now on, ^* will be the ^-vector space H*, with the structure of Hopf algebra in the braided category 
'D induced from S' via j^. Let us compute the structure maps of W in ^<y 1> ■ 
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Proposition 3.2 The structure of IP as a Yetter-Drinfeld module is given by the formulas 



(3.73) 
(3.74) 



Proof. ( [3.73D is easy, and left to the reader. Observe that ( |1.3[ ) and ( |1.5[ ) imply 

£X Vl V = (g)x^/5(A:^) (3.75) 

and this allows us to compute 

n(cp0i) = £(£cx]X^f') 

^2 2„2c/„l„2\ 



(1.26, pQ| , p9D 
( p6| , [r23D 
(|T3ll , |r26| , |246l) 



(Pl, |r26| , [r23l) 



(|lT|,[L20|) 
( 11311 , 11751) 



£y(^})ixvip'-cp-^vi(//?i(^})p,i)z2pip2) 

t^/^'(?l)(2,2)^V5(^i) 

Y^y^x^ ^ (p ^ (//e'x?;?') :xjy^Rhlp^S{x^). 



A similar computation, using ( F76l ) yields 

7l(n(cpM l)i)on((pM 1)2 = £x1fW3'?/??4,i);??5(;c3)i 

(g) Xfy^r^z^y^x^ ^ (p ^ 5-i(Xy/?ix?;?i) Cx]X|fV3'2^2-=<^J2,2)/'2'^(-=*^^)2- 
Here R = Y,r^ another copy of R. Since 

< /<i(g)e,n((cpixi/j)(*Fixi/j')) >=< /<i(g)e,(cpixi/j)(*Ft<i/j') > 

= Eih')l^{xy^i?^s-\f^x')){xlx^h,^^'^s-\fWh2)), 

for all cp,*F G //* and G //, we obtain, using ( 13.68D that 

^;2^i)X2ryxi - (p - 5-1 (ql^^^XyR'xW) 

= '£x'r\,2/R'xlp^S{q^x') 

^X^r^qll l/x^ ^ cp ^ S-\X^q\y^R^xlp^) 
= l^X'ryRW2Yl2)P'S{q'Yi)Y' 

^xVy^Y^ ^ cp 5-n^V-??'^lJ'(u);'') 

( ir2o| , [r2TD = ^xVV/^^F^^xVViyi ^cp^5-i(^y^^>'^) 

( 1041 , ^:731) = £/?2 0/?i.cp. 

Our next goal is to compute the algebra structure of IP. First we need the following Lemma. 
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O'ElllD 
(101 1061 , ^:601) 



(3.76) 



(3.77) 



(3.78) 
(3.79) 



□ 



Lemma 3.3 Let H be a quasi-Hopf algebra, A a quasi-bialgebra and assume that n: H is a quasi- 
bialgebra map that is a left inverse of the quasi-bialgebra map i : H ^ A. Then the map Yl defined in 
(3.69) satisfies the formula 



U{U{a)oa')=U{a)oU{a). 



(3.80) 



Proof Recall from [|] that n(a/(/z)) = £(/j)n(a), U{i{h)a) =ht>iU{a) andn(aa') =Lain(a')/(5(7l(a2))), 
for all a,a' G A, h G H (see [Q]). Then we compute 

n{n{a)oa') = £n(/(Xi)n(a)/(5(x'x2)ott2xf)a'/(5(;c^X|))) 
( P9D = l^q'>in{n{a)i{Siq^))a') 

= '£q'>i[n{a)rniiiS{q'))a')i{S{n(n{a)2m 

since Tl{a) G B' 

dm]) = [/(^i)n(a)/(5(^lxix3)/i)n(a')/(5(^2;^ip5(^?x3x2)/2))] 

(0,11) = l^q'x' >i [/(xl)n(a)/(5(^2^3)^l)n(«')/(5(^2p^(^2^2^3)^2))] 

OOiD = £^'el>'(M) >i [/(/^')n(a)/(5(e'3'2)/)n(«')''('5(/5(^'e23'(L2))/))] 

am = l^i{qWQV,Ma)i{SiQV2)y'May{S{q\p'S{q^)/)) 

am = ZKQ'y\M^mQV2)y'Ma'm/)) 

(Pl,p|,|01) = n{a)on{a') 



□ 



Proposition 3.4 T/ze structure of IP as a Hopf algebra in © is given by the formulas 

i^o^ = Yjx^X^ ^iS}^S-\f'^x\Y^R^X^)) 

(x^Y^F^yXl ^ »F ^ [f^x\Y^R\xl)) 
A(cp) = £XiVi - cp2 ^ 5-i(X2V') ^ (Pi ^ 5-i(x3) 
8(cp)=cp(5-i(a)) 

5((p) = • \p^P'^S{Q^) ^ 5"'((p) ^ S{q^R^x^P^)x^S-\p^)\ 

The unit element is £. 

Proof. It follows from (3.80) that the multiplication o on B* is 

(po»P = < /J(g)£,n(cpixi l)on(*Pixi 1) > 

= </j(g)£,n(n(cpM i)o(»poi)) > . 



Now 



(3.81) 
(3.82) 
(3.83) 
(3.84) 



n(cpcx l)o(»Pcx 1) = £/(zi)n(cp«l)/(5(z'x2)az^xf)(»Pcxl)/(5(z^x|)) 
OIOI,^ = Y.M\Wx'^^^S-\y'R'x\p')^y'P'x\p''S{x')) 

/(5(^2zi)z2)(»F«5(z3)) 

(|4|,[n],[06D = £(3'i^}z;i,i)^i ^cp-5-i(//?i^;2,i)(z(i,2)-^')ip')^/^'4,2) 
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{z\,^^/)2p'S{q\\x\^){^>>^S{z')) 



(Pl,[r2oD 



S{q^Xi)X\^]i^'t^S{z^)) 



(|r2g,[r2T]) 

Using ( 3.79[ ) and (L3) we then obtain ( 3.81 ). It is easy to prove that £ is the unit element of fP. 
(3.82-3.83) follow from the following formula for the comultiplication in D{H) (see [Q]), and the defining 
axioms of a quasi-bialgebra. We leave further detail to the reader: 

A(n(cpcx] 1)) = ^n(/(x^)((pcxi i)i)«)/(x2)((ptx] i)2/(5(x^)). 

(3.84) follows after a straigthforward, but long and tedious computation using ( p.77| ), (2.63) and (3.79). 

□ 



Remarks 3.5 1) The quasi-Hopf algebra isomorphism x : fP x H ^ D{H) is given by 

X(cp xh)= X^x^X' ^ cp ^ {x^R^X^) [xix'^-R^X^h. (3.85) 

2) Let {H,R) be a quasitriangular quasi-Hopf algebra. Then we have a monoidal functor F : — s- 
® which sends algebras, coalgebras, bialgebras etc. in to the corresponding objects in f 
(see [0, Proposition 2.4]). More precisely, for B € , = B as a left //-module, and the left 
//-coaction is given by 

Xb(Z^) = £/?2 0/?i.ft. (3.86) 

We observe that fP lies in the image of F, that is, the relation between action and coaction is given by 
(3.86), which is exactly what we proved in Proposition 3.2. 
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